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ABSTRACT 
The quantum engine cycle serves as an analogous representation of the macroscopic nature of heat engines 
and the quantum regime of thermal devices composed of a single element. In this work, we follow the 
formalism of a quantum engine proposed by Bender et al. [1] where they observed quantum Carnot cycle 
with a single particle of mass 𝑚 confined to an infinite one-dimensional potential well of width 𝐿 as a 
working medium. Using this model, a quantum-mechanical analogue of the Stirling cycle [SC] and Ericsson 
cycle [EC] have been constructed through changes of both, the width of the well and its quantum state. The 
efficiency of quantum engines is derived, which is found to be analogous to classical thermodynamic 
engines. 
Keywords: Quantum thermodynamics, Quantum mechanics, Ericsson cycle, Stirling cycle, Quantum heat 
engines, Nano-engines. 
1. INTRODUCTION 
Classical thermodynamic engine cycles partially convert thermal energy into mechanical work, while 
changing pressure, temperature, and other state variables before eventually retiring to its initial state for a 
complete cycle [2–6]. The performance of heat engines is categorized by the efficiency and power of the 
cycle, this is limited to the ideal Carnot’s cycle which is the maximum efficiency attainable by any 
reversible and cyclic engine [7–9].   
Over the last four decades, divers efforts have been made to understand the relation of heat engines with 
quantum systems as a working mechanism which is often referred to as Quantum Heat Engines (QHEs) 
after being introduced in 1959 by Scovil and Schultz-Dubois [10]. Several working substances such as the 
spin systems [11–15], two-level or multilevel systems[1, 16], particle in a box [1, 17], cavity quantum 
electrodynamics systems[18, 19], coupled two-level systems [20],  Harmonic oscillators [21–23], Pöschl-
Teller Oscillator[24, 25],  etc. have been observed by researchers [26, 27]. This has led to the 
miniaturization of classical heat cycles i.e. Joule-Brayton cycle [28–31], Otto cycle[22, 32–36], Stirling 
cycle [37–41], Ericsson cycles[42–44], Carnot cycle [1, 19, 45–47]etc. of which the later was used by 
Bender et al [1]where they proposed a pure-state quantum-mechanical analog of the reversible Carnot 
engine operating at vanishing temperatures. This engine is made of a single quantum particle confined in 
the one-dimensional infinite square-well potential. The role of a piston in a cylinder and temperature in 
classical thermodynamics was replaced with the walls of the confining potential and energy as given by the 
pure-state expectation value of the Hamiltonian in Quantum thermodynamics respectively. They defined 
the pressure 𝑃 (i.e, the force 𝐹, because of the single dimensionality) as: 
𝑃 = −
𝑑𝐸(𝐿)
𝑑𝐿
       (1) 
 
† Corresponding author: E. O. Oladimeji. e-mail: nockjnr@gmail.com; enock.oladimeji@fulokja.edu.ng 
In this work, we explore the application of this model in the Stirling and Ericsson cycle as shown in sections 
2 and 3 respectively. 
2. THE STIRLING CYCLE 
The classical Stirling cycle is composed of two isothermal and two isochoric processes (see Fig.1) each of 
which is reversible. The effect of the regeneration at process 2 and process 4 i.e the isochoric processes  are 
observed to have no influence in the power input. Classically, the temperature and internal energy remain 
constant during an isothermal process even when the system is compressed or expanded. The system 
remains equilibrium even when work is done. While in the quantum mechanical case, given that the system 
at the initial state 𝜓(𝑥) of volume 𝐿 is a linear combination of eigenstates 𝜙𝑛(𝑥) [17], the expectation value 
of the Hamiltonian change as the walls of the well moves. The instantaneous pressure exerted on the walls 
is then obtained using the relation (2). The energy value as a function of 𝐿 may be written as:  
𝐸(𝐿) = ∑ |𝑎𝑛|
2𝐸𝑛
∞
𝑛=1       (2) 
where 𝐸𝑛 is the energy spectrum (2) and the coefficients |𝑎𝑛|
2 are limited by the normalization condition 
∑ |𝑎𝑛|
2 = 1.∞𝑛=1  While the isochoric process is one in which the volume 𝐿 of the potential well remains 
constant.  
2.1 Process 1: Isothermal Expansion 
During the Isothermal expansion, the system is excited from its initial state 𝑛 = 1 at point 1 (i.e. from 𝐿 =
𝐿1 to 𝐿 = 𝐿2) and into the second state 𝑛 = 2, keeping the expectation value of the Hamiltonian constant. 
Thus, the state of the system is a linear combination of its two energy eigenstates: 
𝛹𝑛 = 𝑎1(𝐿)𝜙1(𝑥) + 𝑎2(𝐿)𝜙2(𝑥)    (3) 
where 𝜙1 and 𝜙2 are the wave functions of the first and second states, respectively 
𝛹𝑛 = 𝑎1(𝐿)√2 𝐿⁄ sin(𝛼𝑥) + 𝑎2(𝐿)√2 𝐿⁄ sin(2𝛼𝑥)   (4) 
where  𝛼 = 𝜋 𝐿⁄ . Therefore, the energy value 𝐸(𝐿) is: 
𝐸(𝐿) = ∑ (|𝑎1|
2 + |𝑎2|
2)𝐸𝑛
∞
𝑛=1 = |𝑎1|
2𝐸1 + |𝑎2|
2𝐸2     (5) 
𝐸 = |𝑎1|
2 π
2ℏ2
2𝑚𝐿1
2 + (1 − |𝑎1|
2)
2π2ℏ2
𝑚𝐿2
       (6) 
Given that the coefficients satisfy the condition |𝑎1|
2 + |𝑎2|
2 = 1. The expectation value of the 
Hamiltonian in this state as a function of 𝐿 is calculated as 𝐸  =   ⟨𝜓|𝐻|𝜓⟩: 
𝐸 =
π2ℏ2
2𝑚𝐿2
(4 − 3|𝑎1|
2)       (7) 
Setting the expectation value to be equal to 𝐸𝐻 i.e. 𝑛 = 1 
(4−3|𝑎1|
2)
𝐿2
=
1
𝐿1
2        (8) 
𝐿2 = 𝐿1
2(4 − 3|𝑎1|
2) 
The max value of 𝐿 is when 𝐿2 = 2𝐿1   and this is achieved in the isothermal expansion when |𝑎1|
2 = 0. 
Therefore, from eq. (8) the pressure of the isothermal expansion as a function of 𝐿 is: 
𝑃1(𝐿) = |𝑎1|
2 𝜋
2ℏ2
𝑚𝐿3
+ (1 − |𝑎1|
2)
4𝜋2ℏ2
𝑚𝐿3
     (10) 
Therefore; 
𝑃1(𝐿) =
𝜋2ℏ2
𝑚𝐿3
(4 − 3|𝑎1|
2)     (11) 
Recall that 𝐿2 = 𝐿1
2(4 − 3|𝑎1|
2), therefore: 
𝑃1(𝐿) =
𝜋2ℏ2
𝑚𝐿1
2 .𝐿
       (12) 
In equation (12) we can observe that the product 𝐿. 𝑃1(𝐿) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and this represents that quantum 
analogue of the classical isothermal process [1]. 
2.2 Process 2: Isochoric Expansion 
Given that the system expands isochorically from point 2 to point 3 (i.e. from 𝐿 = 𝐿2 to 𝐿 = 𝐿3) but 
maintain its state at 𝑛 = 2, since no external energy is injected into the system. The expectation value of 
the Hamiltonian in this state as a function of 𝐿 is calculated as 𝐸  =   ⟨𝜓|𝐻|𝜓⟩: 
𝐸2 =
𝜋2ℏ2(2)2
2𝑚𝐿2
2 =
2𝜋2ℏ2
𝑚𝐿2
2        (13) 
The volume (𝐿) during this process remains constant and its value is given in terms of its definition (2): 
𝑃 = −
𝑑𝐸
𝑑𝐿
= 𝑃2 =
4𝜋2ℏ2
𝑚𝐿2
3       (14) 
Therefore, from eq. (4) we can express the volume 𝐿 in terms of the pressure 𝑃: 
𝐿2
3 =
4𝜋2ℏ2
𝑚𝐹2
       (15) 
In eq. (15) we can observe that the product 𝐿3𝑃(𝐿) is a constant and is considered the quantum analogue of 
the classical isochoric processes. 
2.3 Process 3: Isothermal Compression 
The system is in the second state 𝑛  =  2 at point 3 and it compresses isothermally to the initial (ground) 
state  𝑛 = 1 (i.e. from 𝐿  =   𝐿3 until 𝐿  =   𝐿4), where 𝐿4 =
1
2
𝐿3 as the expectation value of the Hamiltonian 
remains constant. Thus, the pressure during the isothermal compression is: 
𝑃3(𝐿) =
4π2ℏ2
𝑚𝐿3
2 .𝐿
       (16) 
where the energy 𝐸 as a function of 𝐿 is 𝐸3 =
4π2ℏ2
2𝑚𝐿3
2 =
2π2ℏ2
𝑚𝐿3
2 . 
𝐸3 =
2π2ℏ2
𝑚𝐿3
2         (17) 
The product 𝐿𝑃3(𝐿) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. This is an exact quantum analogue of a classical equation of state.  
2.4 Process 4: Isochoric Compression 
The system remains at the initial state 𝑛 = 1 at point 4 as it compresses isochorically (i.e. from 𝐿 = 𝐿4 until 
𝐿 = 𝐿1). The expectation of the Hamiltonian is given by: 
𝐸4 =
π2ℏ2
2𝑚𝐿4
2       (18) 
and the pressure applied to the potential well’s wall 𝑃 as a function of 𝐿 is:  
𝑃4(𝐿) =
π2ℏ2
𝑚𝐿4
3         (19) 
𝐿4
3 =
π2ℏ2
𝑚𝐹4
        (20) 
The total work done 𝑊 by Quantum heat engine during a single closed cycle is the area of the closed-loop 
across the four processes as described in (fig. 1). The total workdone 𝑊 is the sum of the work done at each 
process: 
𝑊 = 𝑊12 + 𝑊23 + 𝑊34 + 𝑊41       (21) 
 
𝑊 = ∫ 𝑃1(𝐿)
𝐿2
𝐿1
 𝑑𝐿 + ∫ 𝑃2(𝐿)
𝐿3
𝐿2
 𝑑𝐿 + ∫ 𝑃3(𝐿)
𝐿4
𝐿3
 𝑑𝐿 + ∫ 𝑃4(𝐿)
𝐿1
𝐿4
 𝑑𝐿  (22) 
Therefore, the workdone is: 
𝑊 = ∫ 𝑃1(𝐿)
2𝐿1
𝐿1
 𝑑𝐿 + ∫ 𝑃3(𝐿)
𝐿3
2
𝐿3
 𝑑𝐿      (23) 
Where the values of 𝑃1 and  𝑃3 are given in (12) and (16). 
𝑊 = ∫
𝜋2ℏ2
𝑚𝐿1
2 .𝐿
2𝐿1
𝐿1
 𝑑𝐿 + ∫
4𝜋2ℏ2
𝑚𝐿3
2 .𝐿
𝐿3
2
𝐿3
 𝑑𝐿 =
𝜋2ℏ2
𝑚𝐿1
2 .
𝑙𝑛2 −
4𝜋2ℏ2
𝑚𝐿3
2 .
𝑙𝑛2    (24) 
𝑊 =
𝜋2ℏ2
𝑚
(
1
𝐿1
2 −
4
𝐿3
2) 𝑙𝑛2      (25) 
To calculate the Heat input  𝑄𝐻 into the system, this occurred during the Isothermal expansion (process 
1 → 2). This quantity  𝑄𝐻 is given as: 
𝑄𝐻 = ∫ 𝑃1(𝐿)
𝐿2
𝐿1
 𝑑𝐿       (26) 
𝑄𝐻 = ∫
𝜋2ℏ2
𝑚𝐿1
2 .𝐿
2𝐿1
𝐿1
 𝑑𝑙 =
𝜋2ℏ2
𝑚𝐿1
2 𝑙𝑛2      (27) 
By definition, the efficiency 𝜂 of a closed cycle is defined as: 
𝜂 =
𝑊
𝑄𝐻
         (28) 
Where 𝑊 is the work done and 𝑄𝐻 is the heat input as described in (25) and(27) respectively 
𝜂 = 1 − 4 (
𝐿1
𝐿3
)
2
      (29) 
𝜂 = 1 −
𝐸𝐶
𝐸𝐻
        (30) 
We can observe that this efficiency is analogous to the efficiency of a classical Stirling engine. 
 
Figure 1: The schematic representation of the Stirling’s cycle 
 
 
 
 
3. THE ERICSSON CYCLE 
The classical Ericsson cycle undergoes two isothermal and two isobaric processes as shown in (See Fig. 2) 
each of these processes is reversible. During the isothermal process, the system’s temperature remains 
constant while the pressure remains constant during the isobaric process. 
3.1 Process 1: Isothermal Expansion 
The classical Ericsson cycle is composed of two isothermal and two isobaric processes a cycle process as 
shown in (See Fig. 2) each of which is reversible. The isothermal process is one in which the temperature 
in the system is constant. During this process, heat is injected into the system which is excited from the 
initial state 𝑛 = 1 at point 1 to the second state 𝑛 = 2 at point 2. The state of the system during this process 
is a linear combination of the lowest two energy eigenstates. Just as derived earlier in Eq (16), the pressure 
of the isothermal expansion as a function of 𝐿 is: 
𝐹1(𝐿) =
π2ℏ2
𝑚𝐿3
(4 − 3|𝑎1|
2)      (31) 
𝐿2 = 𝐿1
2(4 − 3|𝑎1|
2), following the same calculations in eq (8) and (9). The max 𝐿 is when at point 
𝐿2 where |𝑎1|
2 = 0. 
𝐹1(𝐿) =
π2ℏ2
𝑚𝐿1
2 .𝐿
       (32) 
The product 𝐿. 𝑃1(𝐿) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, this represents that quantum analogue of the classical isothermal process 
[1]  
3.2 Process 2: Isobaric Expansion 
During the process 2 → 3, the system expands isobarically from 𝐿 = 𝐿2 until   𝐿 = 𝐿3 the heat input is 
stopped as no energy enters the system so that the particle remains in the second state 𝑛 = 2 and the change 
in the internal energy is equivalent to the work done against the walls of the well. The expectation value of 
the Hamiltonian is 𝐸 =
𝜋2ℏ2
2𝑚𝐿2
 , and the pressure is given by 
𝑃(𝐿) =
𝜋2ℏ2
𝑚𝐿3
       (33) 
or 
𝐸
𝐿
=
𝜋2ℏ2
2𝑚𝐿2
3 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, which represents the isobaric analogous equation. 
3.3 Process 3: Isothermal Compression 
During the process 3 → 4, the system compresses isothermally from 𝐿 = 𝐿3 until   𝐿 = 𝐿4. During the 
process, 𝐿4 = 2𝐿3 is the expectation value of the Hamiltonian remains constant as the system returns to its 
ground state 𝑛 = 1 from its excited state 𝑛 = 2. 
𝐸1 =
𝜋2ℏ2
2𝑚𝐿3
2 = 𝐸𝐻      (34) 
𝑃1(𝐿) =
𝜋2ℏ2
𝑚𝐿3
2 .𝐿
       (35) 
3.4 Process 4: Isobaric Compression 
During the process 4 → 1, the system compresses isobarically from 𝐿 = 𝐿4 until   𝐿 = 𝐿1 the heat input is 
stopped as no energy enters the system so that the particle remains at the ground state 𝑛 = 1. The 
expectation value of the Hamiltonian is 𝐸 =
4𝜋2ℏ2
2𝑚𝐿2
=
2𝜋2ℏ2
𝑚𝐿3
2  , and the pressure is given by 
𝑃(𝐿) =
4𝜋2ℏ2
𝑚𝐿3
      (36) 
As shown earlier in eq (22) the work performed by the system during one cycle along the four processes is 
defined as: 
𝑊 = ∫ 𝐹2(𝐿)
𝐿2
𝐿1
 𝑑𝐿 + ∫ 𝐹(𝐿)
𝐿3
𝐿2
 𝑑𝐿 + ∫ 𝐹1(𝐿)
𝐿4
𝐿3
 𝑑𝐿 + ∫ 𝐹(𝐿)
𝐿1
𝐿4
 𝑑𝐿 
Recall that, 𝐿2 =
1
2
𝐿1 and 𝐿4 = 2𝐿3. Therefore; 
𝑊 = ∫ 𝐹2(𝐿)
𝐿1
2
𝐿1
 𝑑𝐿 + ∫ 𝐹(𝐿)
𝐿3
𝐿1
2
 𝑑𝐿 + ∫ 𝐹1(𝐿)
2𝐿3
𝐿3
 𝑑𝐿 + ∫ 𝐹(𝐿)
𝐿1
2𝐿3
 𝑑𝐿   (37) 
𝑊 = ∫
4𝜋2ℏ2
𝑚𝐿1
2 .𝐿
𝐿1
2
𝐿1
 𝑑𝐿 + ∫
𝜋2ℏ2
𝑚𝐿3
𝐿3
𝐿1
2
 𝑑𝐿 + ∫
𝜋2ℏ2
𝑚𝐿3
2 .𝐿
2𝐿3
𝐿3
 𝑑 + ∫
4𝜋2ℏ2
𝑚𝐿3
𝐿1
2𝐿3
 𝑑𝐿   (38) 
𝑊 = −
4𝜋2ℏ2
𝑚𝐿1
2 𝑙𝑛2 +
𝜋2ℏ2
𝑚𝐿3
2 𝑙𝑛2 
𝑊 =
𝜋2ℏ2
𝑚
(
1
𝐿3
2 −
4
𝐿1
2) 𝑙𝑛2     (39) 
The efficiency 𝜂 of the heat engine is defined to be: 
𝜂 =
𝑊
𝑄𝐻
        (40) 
given that 𝑄𝐻 is the quantity of heat in the high-temperature reservoir and 𝑊 is the work done by the 
classical heat engine. Where 𝑄𝐻 is the heat engine injected into the potential well during the isothermal 
expansion in a quantum engine: 
𝑄𝐻 =
𝜋2ℏ2
𝑚𝐿3
2 𝑙𝑛2       (41) 
Therefore, the efficiency 𝜂 of the quantum heat engine is: 
𝜂 = 1 − 4 (
𝐿3
𝐿1
)
2
     (42) 
Substituting the eqs. (40) and (41) into (42), the efficiency can be written as: 
𝜂 = 1 −
𝐸𝐶
𝐸𝐻
       (43) 
 
  
Figure 2: The schematic representation of the Ericsson’s cycle 
Our derived efficiencies in eq(30) and (35) respectively are analogous to the classical Stirling and Ericsson 
cycles. 
OUR RESULT 
As stated earlier, the performance of an engine is determined by its efficiency and power. In this work, we 
applied the quantum mechanical particles confined in a potential well as working fluid to Stirling and 
Ericsson cycles. We observed the quantum interpretation the isothermal and isochoric process in the stirling 
cycle likewise the isothermal and isobaric process in the ericsson cycle. We showed that the efficiencies of 
these two quantum cycles are analogous to their counterparts from classical thermodynamics. 
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